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- Theoretical issues (consistency with the quantum world, singularities, BH information paradox)

The gravitational interaction in the weak-field regime is described by GR with great accuracy (solar system & binary pulsar tests).

Credits: Pani, ‘15

- There is no fundamental reason to believe that gravity behaves in the same way as the weak-field regime

- Observational issues (still misterious nature of dark matter & dark energy, Hubble tension)

Is it worth testing GR in the strong-field regime?

Why should we test GR?

However, the observation of the strong-field regime of gravity is still at its infancy: GW detectors are only starting to address this question

GRAVINT                 Gravitational waves as probes of fundamental interactions

Figures 

 

Figure 1.  90% upper bound on the deviation of the different PN contributions to the GW phase of 
BBH coalescences. The bounds are obtained by combining all possible GWTC-3 events detected 
by LIGO/Virgo, using EOB and phenomenological waveform models. (Abbott et al.,arXiv:2112.06861)


 

Figure 2. Posterior probability distribution of the tidal deformabilities of the NSs in GR170817. 
Dashed and solid curves delimit regions of 50% and 90% levels, respectively, of the tidal 
deformabilities. Black lines denote the predictions from different EoSs. (Abbott et al., Phys.Rev.Lett. 
121, 161101 2018)
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FIG. 6. 90% upper bounds on the magnitude of the parametrized test coe�cients discussed in Sec. V A. The bounds were obtained with a
pipeline based on the model SEOBNRv4 ROM, combining all eligible GWTC-3 events, under the assumption that deviations take the same
value for all the events. Filled gray diamonds mark analogous results obtained with GWTC-2 data [11]; in this case, we also show bounds
obtained with a pipeline based on IMRPhenomPv2, that are marked by unfilled black diamonds. Horizontal stripes indicate constraints obtained
with individual events, with cold (warm) colors representing low (high) total mass events. The left and right panel show constraints on PN
deformation coe�cients, from �1PN to 3.5PN order. The best improvement with respect to the GWTC-2 bounds is achieved for the �1PN term,
thanks ot the inclusion of the NSBH candidate GW200115 042309.

FIG. 7. Combined GWTC-3 results for the parametrized deviation coe�cients of Sec. V A. Filled distributions represent the results obtained
hierarchically combining all events. This method allows the deviation coe�cients to assume di↵erent values for di↵erent events. Unfilled black
curves represent the distributions obtained in Fig. 6, by assuming the same value of the deviation parameters across all events. Horizontal ticks
and dashed white lines mark the 90% credible intervals and median values obtained with the hierarchical analysis.

Along with this leading-order e↵ect, we have included higher-
order PN terms that appear through the inspiral phase [167,
204] of gravitational waveform.

While Kerr BHs have  = 1 [201–203], compact stars have
a value of  that di↵ers from the BH value, determined by the
star’s mass and internal composition. Numerical simulations
of spinning neutron stars show that the value of  can vary be-
tween ⇠2 and ⇠14 for these systems [205–207]. Moreover, for
currently available models of spinning boson stars,  can have
values ⇠10–150 [208–211]. More exotic stars like gravastars
can even take negative values for  [212]. Hence, an indepen-
dent measurement of  from gravitational-wave observations
can be used to distinguish black holes from other exotic ob-

jects [213–216]. However, to fully understand the nature of
compact objects, one may also include e↵ects such as the tidal
deformations that arise due to the external gravitational field
[217–220] and tidal heating [221–226] along with the spin-
induced deformations, an extensive study of these e↵ects is not
in the scope of this paper.

For a spinning compact binary system, the coe�cients i,
i = 1, 2 represent the primary and secondary components’
spin-induced quadrupole moment parameters. The correlation
of i with the masses and spin parameters of the binary are
evident from Eq. (6), which makes the simultaneous estima-
tion of 1 and 2 hard. The higher-order terms present at the
3PN order help break this degeneracy, but are not enough to

the nuclear saturation density. This is chosen because such
low densities do not significantly impact the global proper-
ties of the NS [114]. Different low density EOSs can
produce a difference in radius, for a given m, of order
0.1 km. Though use of a specific parametrization makes our
results model-dependent, we have checked that they are
consistent with another common EOS parametrization, the
piecewise polytropic one [115,116], as also found in [117].
In this analysis, we follow the methodology detailed in

[117], developed from the work of [118], to sample directly
in an EOS parameter space. We sample uniformly in all
EOS parameters within the following ranges: γ0 ∈ ½0.2; 2",
γ1 ∈ ½−1.6; 1.7", γ2 ∈ ½−0.6; 0.6", and γ3 ∈ ½−0.02; 0.02"
and additionally impose that the adiabatic index
ΓðpÞ ∈ ½0.6; 4.5". This choice of prior ranges for the
EOS parameters was chosen such that our parametrization
encompasses a wide range of candidate EOSs [110] and
leads to NSs with a compactness below 0.33 and a tidal
deformability above about 10. Then for each sample, the
four EOS parameters and the masses are mapped to a
ðΛ1;Λ2Þ pair through the Tolman-Oppenheimer-Volkoff
(TOV) equations describing the equilibrium configuration
of a spherical star [119]. The two tidal deformabilities are
then used to compute the waveform template.
Sampling directly in the EOS parameter space allows for

certain prior constraints to be conveniently incorporated
in the analysis. In our analysis, we impose the following
criteria on all EOS and mass samples: (i) causality, the
speed of sound in the NS (

ffiffiffiffiffiffiffiffiffiffiffiffiffi
dp=dϵ

p
) must be less than the

speed of light (plus 10% to allow for imperfect para-
metrization) up to the central pressure of the heaviest star
supported by the EOS; (ii) internal consistency, the EOS
must support the proposed masses of each component; and
(iii) observational consistency, the EOS must have a
maximum mass at least as high as previously observed
NS masses, specifically 1.97 M⊙. Another condition the
EOS must obey is that of thermodynamic stability; the EOS
must be monotonically increasing (dϵ=dp > 0). This con-
dition is built into the parametrization [110], so we do not
need to explicitly impose it.
Results.—We begin by demonstrating the improvement

in the measurement of the tidal deformability parameters
due to imposing a common but unknown EOS for the two
NSs. In Fig. 1 we show the marginalized joint posterior
PDF for the individual tidal deformabilities. We show
results from our analysis using the ΛaðΛs; qÞ relation in
green and the parametrized EOS without a maximum mass
constraint in blue. These are compared to results from [52],
where the two tidal deformability parameters are sampled
independently, in orange. The shaded region marks the
Λ2 < Λ1 region that is naturally excluded when a common
realistic EOS is assumed, but is not excluded from the
analysis of [52]. In both cases imposing a common EOS
leads to a smaller uncertainty in the tidal deformability
measurement. The area of the 90% credible region for the

Λ1-Λ2 posterior shrinks by a factor of ∼3, which is
consistent with the results of [106] for soft EOSs and
NSs with similar masses. The tidal deformability of a
1.4 M⊙ NS can be estimated through a linear expansion
of ΛðmÞm5 around 1.4 M⊙ as in [5,48,120] to be Λ1.4 ¼
190þ390

−120 at the 90% level when a common EOS is imposed
(here and throughout this paper we quote symmetric credible
intervals). Our results suggest that “soft” EOSs such as
APR4, which predict smaller values of the tidal deform-
ability parameter, are favored over “stiff” EOSs such as H4
or MS1, which predict larger values of the tidal deform-
ability parameter and lie outside the 90% credible region.
We next explore what inferences we can make about

the structure of NSs. We do this using the spectral EOS
parametrization described above in combination with the
requirement that the EOS must support NSs up to at least
1.97 M⊙, a conservative estimate based on the heaviest
known pulsar [65]. From this we obtain a posterior for the
NS interior pressure as a function of rest-mass density. The
result is shown in Fig. 2, along with marginalized posteriors
for central densities and central pressures and predictions of
the pressure-density relationship from various EOS models.
The pressure posterior is shifted from the 90% credible
prior region (marked by the purple dashed lines) and
towards the soft floor of the parameterized family of

FIG. 1. Marginalized posterior for the tidal deformabilities of
the two binary components of GW170817. The green shading
shows the posterior obtained using the ΛaðΛs; qÞ EOS-insensitive
relation to impose a common EOS for the two bodies, while the
green, blue, and orange lines denote 50% (dashed) and 90%
(solid) credible levels for the posteriors obtained using EOS-
insensitive relations, a parametrized EOS without a maximum
mass requirement, and independent EOSs (taken from [52]),
respectively. The gray shading corresponds to the unphysical
region Λ2 < Λ1 while the seven black scatter regions give the
tidal parameters predicted by characteristic EOS models for this
event [113,115,121–125].
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(Abbott et al., PRD ‘22)

strongerst bounds are on -1PN corrections,
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BHs are the perfect probes to understand the nature of the gravitational interaction! 

• They are the ‘hydrogen atom’ of gravity, the simplest gravitating system in the Universe!  

- No-hair theorems: stationary BHs in GR (and in several extensions thereof) are described by the Kerr solution.

  They only depend on their mass and angular momentum (+ electric charge, non relevant in astrophysical BHs).

- Dynamical BHs are not so simple, but still PN expansions & perturbation theory show that Kerr is still a good approximation. 

(e.g. Cardoso & Gualtieri ’16) 
Matter (ordinary and possibly dark) and non-gravitational fields lead at most to marginal modification on BH processes, 

which still can be important when very high precision is required (the so-called environmental effects).

- Neutron stars are completely different: the GW and EM emission heavily depend on non-gravitational effects.

This can be good for multimessenger astronomy (GW170871 vs. GW150914: coalescing BBHs are very clean systems);

not so good for looking for tiny deviations from GR: an observed new physics effect may be concealed by our ignorance on the NS equation of state.

• BHs can produce the strongest gravitational fields after the Big Bang!

- Dynamics of gravitational theory: binary BH (BBH) coalescence

 (GW detectors: LVK, ET/CE, LISA, PTA)

- Stationary BH spacetime:  BH shadow (EHT) (see talk by De Laurentis yesterday)

I will mainly (but not exclusively) focus on tests on BBH coalescence.

Complementary tests of different phenomenologies:

The detection of gravitational waves from the coalescence of compact binaries has opened a new era in physics:

Leonardo Gualtieri                      Gravitational Waves as Probes of Fundamental Physics                      Università di Pisa        27/1/2022 

The next generation of GW detectors (ET, LISA) will allow for precision measurements in the strong-field gravity regime.
With these instruments, black holes and neutron stars can be turned into fundamental physics laboratories:
• to test general relativity in presence of extreme gravitational fields
• to understand how matter behaves at extreme densities
• to put constraints on dark matter candidates

These are among the main topics under discussion within the Fundamental Physics Working Groups of both LISA and of ET.

In this talk I will discuss two of them:
(I) Black holes as scalar field detectors
(II) Tidal deformability as a probe of the neutron star equation of state

(Bailes et al., Nature Review, 2021)

for the first time, the strong-field regime of gravity can be directly observed.

0123456789();: 

(black hole, neutron star or white dwarf) by a SMBH 
initiates an EMRI (REF.60). Both classes of sources are of 
capital importance in piecing together the puzzle of cos-
mic structure formation. Today, it is known that virtually 
every massive galaxy hosts a SMBH at its centre, that gal-
axies merge frequently, that protogalaxies were already 
in place at z > 10 and that quasars were already shining 
at z > 7. These pieces of evidence led to the framework 
of hierarchical structure formation, whereby galaxies 
grow by accreting gas cooling along the filaments of the 
cosmic web and by merging with other galaxies. LISA 
has the capability to detect mergers of black holes in the 
mass range 103–107 M⊙ out to their formation redshift, 
including for z > 20 for some mass ranges59. Only GW 
detectors can observe individual objects at such early 
times. SMBBH mergers trace the assembly of their hosts 
from the formation of the first protogalaxies following 
the dark ages, well beyond the epoch of reionization, 
up to now. By inferring the redshifts of these events  
from their luminosity distances, LISA can follow the 
evolution of large- scale structure over time and, by 
exploring the demographics of black hole seeds (includ-
ing their masses and spins), LISA can test models of how 
early black holes grow into the massive and SMBHs we 
see today in galaxies and quasars.

This information is complemented on the one hand 
by the observation of EMRIs up to z ≈ 1 and on the other 
hand by the PTA detection164 of the stochastic GW back-
ground produced by the most massive black hole bina-
ries in the Universe. EMRIs can probe the population 
of inactive (thus, otherwise invisible) SMBHs, provid-
ing invaluable insights into the low- mass end of the 
SMBH mass function down to the mass scales of dwarf 
galaxies. The properties of individual inspirals (such as 
eccentricity and orbital inclination) carry information 
on the dynamical processes governing the evolution of 
dense relativistic systems, offering a unique laboratory 
for testing strong gravity.

At the super- massive end of the mass spectrum, 
PTAs are expected to reveal the cosmic population of 
inspiralling SMBBHs that inhabit the largest galaxies 
in the Universe82,164. These objects are in a frequency 
range inaccessible to LISA and ground- based detectors. 
Outstanding questions such as the precise occupation 
fraction of SMBHs in galaxies, the merger rate of galax-
ies, the relation between galaxy masses and the masses of 
the SMBHs they host, the efficiency of pairing of SMBHs 
and the nature of their dynamical interaction with the 
environments at the cores of galaxies will be answered 
by deciphering the information encoded in the ampli-
tude and shape of the ASGWB spectrum88. The detec-
tion of the ASGWB will definitively resolve the ‘final 
parsec’ problem, proving that SMBHs can merge and 
possibly elucidating their dynamical interactions in the 
cores of galaxies. The dominant dynamical processes are 
expected to be the scattering of stars on orbits that inter-
sect the galactic core or interactions with a circumbinary 
disk. PTAs probe frequencies at the interface between the 
environment- driven regimes (when the SMBHs are far 
apart) and GW- dominated regimes (when the SMBHs 
separations are below a milliparsec). Each dynamical 
mechanism also predicts different inspiral timescales 
compared with estimates that assume GW- driven inspi-
ral, so measuring the ASGWB spectrum can provide 
clear evidence of which dynamical processes dominate 
in these massive galaxy hosts. Individual SMBBH sys-
tems are expected to be detected after the detection of 
the ASGWB. Studies of individual systems, coupled with 
EM observations, will allow probing the astrophysical 
processes driving mergers even further, and determine 
how the importance of various processes depends on the 
properties of the galaxies88.

Multi- messenger astronomy with GWs
Dawn of a new multi- messenger era
The detection of GWs from the inspiral and merger of the  
first BNS system GW170817 (REF.4) marked the start of 
an era of multi- messenger astronomy incorporating 
GW observations5. The extensive multi- wavelength, 
multi- year follow- up campaign of GW170817 ena-
bled the detection of counterparts in almost all the EM 
bands, confirming that the merger of a binary system 
of neutron stars powers high- energy transients, such 
as short gamma- ray bursts29–37 and kilonovae38–46. This 
unique multi- messenger detection5 showed the potential  
of multi- messenger astronomy impacting our know-
ledge of relativistic astrophysics36,37,165,166, radioactively 
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Testing gravity with BHs
- Bottom-up approaches:

Choose phenomenology to be studied and the quantities more appropriate to study it; devise a parametrization of these quantities, and use 
observations to set bounds to the parameters.
Example: PPE (parametrized post-Einstenian expansion Yunes & Pretorius 2009)


parametrizes gravitational waveform from BBH coalescence
h(f) = AGR(f)(1 + ↵xa)ei GR(f)+i�xb

ppE parameters: 

      α,β (=0 inGR): amplitude of modification;   

      a,b: PN order 

mapping:   (α,β,a,b) <=> specific theories
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FIG. 4. (Color online) 90%-confidence constraints on the ppE
parameter |�| at nth PN order. The green crosses represent
the bounds reported in [5, 19] through a Bayesian analysis
of event GW150914, mapped to constraints on �. The red
(magenta) dots and line represent bounds from GW150914
(GW151226) estimated with a Fisher analysis, using the IM-
RPhenom waveform (without spin precession) and a fit to the
aLIGO spectral noise density. The constraints obtained with
a Fisher analysis agree very well with the Bayesian constraint
reported in [5, 19]. The blue dotted line shows projected
constraints predicted in 2011 by [142] for a system similar
to GW151226. The dashed black line is a rough estimate
on the constraints that the double binary pulsar PSR J0737-
3039 [127–129] can place on the ppE � parameter [188], while
the cyan star refers to the bound on � at 1PN from the per-
ihelion precession of Mercury [150]. Binary pulsar observa-
tions can constrain negative PN order deviations better than
aLIGO, while aLIGO does better than binary pulsar obser-
vations at higher PN order, as first calculated in [188]. How-
ever, note also that binary pulsar and Solar System bounds
cannot be directly compared to GW ones as the binary pul-
sar (Solar System) one corresponds to the extreme case of no
conservative (no dissipative) corrections. Moreover, stronger
constraints on � for these latter tests do not necessarily mean
stronger constraints on modifications to GR for BH merg-
ers, as � depends not only on theoretical coupling parameters
but also on system parameters, and in certain theories (like
EdGB gravity), non-GR corrections are suppressed in stars
compared to BHs.

Figure 4 shows that GW151226 places stronger con-
straints on � than GW150914 [2, 5] especially at neg-
ative PN orders. This is because GW151226 consists
of a BH binary with lower total mass than GW150914,
and thus, (i) the velocity of the binary constituents at a
fixed frequency (e.g. f ⇠ 50Hz) is smaller and (ii) the
observed frequency range is larger than for GW150914.
The first fact makes the negative-PN-order, ppE correc-
tion terms in the phase and the total number of GW
cycles in band larger than for GW150914. This, to-
gether with the second point above, make � less degen-
erate with other binary parameters, leading to stronger
constraints. Regarding corrections at high positive PN

orders, point (i) results in a deterioration of the con-
straints, while point (ii) strengthens them compared to
GW150914 [2, 5]. Taken together then these oppos-
ing e↵ects lead to similar bounds at positive PN or-
ders for GW150914 and GW151226. We also calculated
the bounds on � by combining those of GW150914 and
GW151226 using Eq. (4.12d) in [76] and found that such
a combined bound is almost indistinguishable from that
of GW151226 alone (the improvement reaches at most
⇠ 30% at n ⇠ 0PN). This finding is consistent with a
similar analysis performed by the LVC [5].
Our analysis and the study of the LVC in [5, 19] di↵er

in many ways, and yet, the two yield similar constraints
on �. The main di↵erences between these studies are
that the former (latter) uses

(i) a Fisher (Bayesian) analysis,

(ii) non-precessing (precessing) waveform templates,

(iii) a fit for the noise curve (the real data),

(iv) a simulated waveform injection compatible with the
real signal (the real signal), and

(v) includes only statistical (both statistical and sys-
tematic) errors.

Probably, di↵erences (i)–(iii) do not have a large impact
on the � constraints for the following reasons. The dif-
ference in statistical errors between Fisher and Bayesian
studies scales as O(1/SNR2) [185, 196], which is only
⇠ O(0.2%) (O(0.6%)) given the SNR of GW150914
(GW151226). Precession for both events was too small
to be measurable by the LVC [2, 4, 5, 136]. The real noise
spectral density contains many spikes, but these are very
thin, and thus, for the same SNR, they a↵ect constraints
on � by only a few percent (see Appendix C)16. We do
not include any specific noise realization in our Fisher
analysis, since (i) such a noise realization only shifts the
posterior distribution without a↵ecting its spread [137],
and (ii) the uncertainties in parameters averaged over
di↵erent noise realizations are the same as those with
zero noise injection [198]. On the other hand, di↵erences
(iv) and (v) are probably more important. For exam-
ple, in our Fisher analysis we set the spin magnitudes
of the injection to zero, but the posteriors found by the
LVC [4] are quite wide, and a di↵erent choice of spin mag-
nitude can a↵ect our Fisher estimates by a factor of ⇠ 2.
Even using the Bayesian analysis of [4], the mapping be-
tween ��i and � [see Eqs. (10) and (11)] depends on the
posterior distribution of other parameters, and di↵erent
choices can also a↵ect constraints on � at high PN or-
der by a factor of ⇠ 2. As another example, consider
the systematic errors on the GW150914 measurement of
��i (or �) reported in [5, 19], i.e. the distance from the
peak of the posterior to zero; these systematic errors are

16 See the related work by [197], which shows that the e↵ect of non-
Gaussianity in the noise on parameter estimation is negligible.

(Yunes et al., PRD ‘16)

- Top-down approaches:
Look at possible “test-bed” modified gravity theories, possibly inspired by fundamental physics considerations;

work out observational consequences of such modifications (which typically depend on coupling parameters) 

and compare with observations, setting bounds on coupling parameters (or measure them!)


Both approaches have limitations: 

• bottom-up parametrization may miss unexpected features. It is difficult to go beyond null tests without an insight of the possible deviations we may expect;

• top-down analyses depend on arbitrary choices of specific theories.

The best strategy may be a combination of the two: we need to study at least examples of top-down waveforms to understand how classes of GR deviations 
may affect the signal. And use this information to perform consistent tests, and to devise bottom-up parametrizations.

Example: EdGB gravity (Einstein-dilaton Gauss-Bonnet Kanti et al. ’96)


As can be seen from Fig. 2, all the sources studied in this
work independently place robust constraints on

ffiffiffiffiffiffiffiffiffiffiffiffi
αEdGB

p
,

ranging between 3–7 km. The situation is opposite for dCS,
and none of the sources satisfy the small coupling approxi-
mation. As no individual analysis is trustworthy, any
results derived from stacking these dCS posteriors would
also not be correct. As such, the strongest constraint to
date on this theory remains the one established in [33],ffiffiffiffiffiffiffiffiffi
αdCS

p
< 8.5 km, obtained by combining x-ray pulse

profile observations of the milisecond pulsar PSR J0030þ
0451 by NICER [67,68], with the NS tidal deformability
inferred from the binary NS event GW170817 by the LVC
[69,70]. Any further discussion on the posteriors of

ffiffiffiffiffiffiffiffiffi
αdCS

p

(combined or not) are pure speculation, for the benefit of
future studies that might be more fortunate in the sources
available for analysis.
Importantly, the sampling artifacts of the first iteration of

this work [31] have been removed through the MCMC
analysis carried out here. As speculated in [31], the lack of
support at zero for GW151226 and GW170608 for both
EdGB and dCS has disappeared with the use of the more
natural sampling parameter

ffiffiffi
α

p
. Critically, the 90% con-

fidence regions of the different sources are consistent,
indicating that, while the artifacts could be misleading, the
conclusions reached in that work are substantiated.

E. Bayesian analysis: Stacked events

In theory, the process of combining posteriors from
independent experiments to create a total probability
distribution on a single parameter is as simple as multi-
plying the marginalized likelihoods together, considering
Eq. (20). To achieve this in practice, two methods of
combining posteriors are commonly employed, which we
will briefly outline for clarity.
The first method begins by creating a histogram of the

samples output by the MCMC analysis, which produces a
discrete representation of the marginalized posterior on the
parameter of interest. One can then fit an ansatz function or
use a more general kernel density estimation (KDE) to
approximate the histogram, producing an analytic repre-
sentation to the discrete posterior distribution. This intro-
duces two immediate sources of error, namely the
possibility of a poor choice of fitting function and numeri-
cal errors in the fitting process directly. For distributions
that have obvious candidate ansatz (for example, Gaussian
distributions), this can be an attractive method as one can
enforce certain properties, such as nowhere vanishing
probability distributions and smooth distributions for the
final posterior. When using KDEs, there is less flexibility to
enforce these nice properties, like nonvanishing distribu-
tions or strict boundary conditions, but this method
provides more flexibility in terms of minimizing manual
“tuning” during the analysis. This kind of technique is
outlined and appropriately implemented in works like
[71,72], for example.

A second method is even more straightforward, where
the individual posteriors are also initially approximated by
a histogram. Instead of fitting a function to this discrete
distribution, the histograms of each source are directly
multiplied together (where, of course, the histograms must
have the same bin sizes or be appropriately transformed).
This method is convenient from the standpoint of how
simple and easily implementable it can be. However,
numerical noise and finite numbers of samples can cause
issues, especially when computing quantities at the tails of
the distribution, like 95% confidence intervals. For exam-
ple, if one source has zero counts in a certain histogram bin,
the final distribution will always have zero counts in the
said bin, regardless of how much weight is assigned to that
region by other sources. This makes this particular method
sensitive to finite bin-size and finite sample-size effects.
When calculating confidence intervals, smoothing func-
tions can also be applied to the final distribution to
minimize issues with convergence for numerical integra-
tion, which was a step implemented for this work.
To ensure maximum reliability, we have repeated the

calculation twice, once with each method, and always quote
the more pessimistic constraint on

ffiffiffi
α

p
throughout this

work. We discuss the difference of these techniques in the
context of this work in Appendix B.
The results of combining posteriors on

ffiffiffi
α

p
in EdGB and

dCS are shown in Fig. 4 and Fig. 5, respectively. We see a
moderate improvement, as expected with a set of posteriors
that are already comparable in constraining ability [60].

FIG. 4. In the bottom panel, we show the histogram represen-
tation of the probability density of the value of the EdGB
coupling constant

ffiffiffiffiffiffiffiffiffiffiffiffi
αEdGB

p
for the six events we have chosen

for this analysis. The top panel shows the 90% confidence
constraint on the magnitude of the coupling parameter and the
maximum value for validity of the small-coupling approximation
for each of the individual events, with the cumulative constraint
shown at the top. After combining the information of all the
sources, we can achieve a constraint on

ffiffiffiffiffiffiffiffiffiffiffiffi
αEdGB

p
of less than

1.7 km at 90% confidence.

IMPROVED GRAVITATIONAL-WAVE CONSTRAINTS ON HIGHER- … PHYS. REV. D 104, 024060 (2021)

024060-9

(Perkins et al., PRD ‘21)

Problem: we don’t know the full BBH waveform for any gravity theory beyond GR! So, when we parametize deviations, we move in the dark…

Other examples: parametrization of the stationary BH spacetime (e.g. Johannsen & Psaltis 2011, Konoplya et al. 2016)

Caution! Such parametrizations are useful for analyzing BH shadows, not for BBH coalescence or BH oscillations, which depend on the dynamics of the theory!  
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Modified gravity theories
Several modifications of GR have been proposed so far.


A guiding princniple to navigate among them can be the following: 
if we find experimental hints of GR modifications, 


which of the assumptions underlying GR should be abandoned?
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Figure 2.1. This diagram illustrates how Lovelock’s theorem serves as a guide to classify modified
theories of gravity. Each yellow box represents a class of modified theories of gravity that arises from
violating one of the assumptions underlying the theorem. A theory can, in general, belong to multiple
classes. See Table 1 for a more precise classification.

2. Extensions of general relativity: motivation and overview

2.1. A compass to navigate the modified-gravity atlas

There are countless inequivalent ways to modify GR, many of them leading to theories
that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem due
to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein

Berti et al., CQG 2015

Lovelock’s theorem states that GR is the unique theory of gravity under certain conditions 

(four dimensions, equivalence principle, diffeomorphism invariance, no fields besides the metric).

Violations to one or another of them give rise to the different possible modified theories of gravity.

Main theories under study:

• Theories with extra fields in the gravitational sector; in particular the simplest case 
of an additional scalar field (scalar-tensor gravity)
This is the most extensively studied class of modified gravity theories, because

- it is simple; 

- fundamental motivations (e.g. string theory); 

- several other theories can be reformulated in terms of additional fields

- some of them may provide alternative intepretation of cosmology (DM, DE)

• Theories with violation of Lorentz invariance (Einstein-Aether theory, Horava gravity, etc…)

• Theories with large extra dimensions (we live in a four-dimensional subspace of a higher-dimensional space) 

• f(R) theories (may provide alternative interpretation of DE)

• Higher-derivative gravity theories, arising from EFT expansion: action including polinomials in curvature tensor

some theories belong to both classes: both

- scalar field in the gravitational sector 

-  polinomials in curvature

• Massive graviton theories 

• etc…

equivalent to scalar-tensor theories!
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that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem due
to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein

Berti et al., CQG 2015

Modified gravity theories
Several modifications of GR have been proposed so far.


A guiding princniple to navigate among them can be the following: 
if we find experimental hints of GR modifications, 


which of the assumptions underlying GR should be abandoned?
Lovelock’s theorem states that GR is the unique theory of gravity under certain conditions 


(four dimensions, equivalence principle, diffeomorphism invariance, no fields besides the metric).

Violations to one or another of them give rise to modified theories of gravity.

Main theories under study:

• Theories with extra fields in the gravitational sector; in particular the simplest case 
of an additional scalar field (scalar-tensor gravity)
This is the most extensively studied class of modified gravity theories, because

- it is simple; 

- fundamental motivations (e.g. string theory); 

- several other theories can be reformulated in terms of additional fields

- some of them may provide alternative intepretation of cosmology (DM, DE)

• Theories with violation of Lorentz invariance (Einstein-Aether theory, Horava gravity, etc…)

• Theories with large extra dimensions (we live in a four-dimensional subspace of a higher-dimensional space) 

• Massive graviton theories 

• f(R) theories (may provide alternative interpretation of DE) 

• Higher-derivative gravity theories, arising from EFT expansion: action including polinomials in curvature tensor

some theories belong to both classes: both

- scalar field in the gravitational sector 

-  polinomials in curvature

• etc…

equivalent to scalar-tensor theories!
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theories of gravity. Each yellow box represents a class of modified theories of gravity that arises from
violating one of the assumptions underlying the theorem. A theory can, in general, belong to multiple
classes. See Table 1 for a more precise classification.

2. Extensions of general relativity: motivation and overview

2.1. A compass to navigate the modified-gravity atlas

There are countless inequivalent ways to modify GR, many of them leading to theories
that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem due
to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein

Berti et al., CQG 2015

Modified gravity theories
Several modifications of GR have been proposed so far.


A guiding princniple to navigate among them can be the following: 
if we find experimental hints of GR modifications, 


which of the assumptions underlying GR should be abandoned?
Lovelock’s theorem states that GR is the unique theory of gravity under certain conditions 


(four dimensions, equivalence principle, diffeomorphism invariance, no fields besides the metric).

Violations to one or another of them give rise to modified theories of gravity.

Main theories under study:

• Theories with extra fields in the gravitational sector; in particular the simplest case 
of an additional scalar field (scalar-tensor gravity)
This is the most extensively studied class of modified gravity theories, because

- it is simple; 

- fundamental motivations (e.g. string theory); 

- several other theories can be reformulated in terms of additional fields

- some of them may provide alternative intepretation of cosmology (DM, DE)

• Theories with violation of Lorentz invariance (Einstein-Aether theory, Horava gravity, etc…)

• Theories with large extra dimensions (we live in a four-dimensional subspace of a higher-dimensional space) 

• Massive graviton theories 

• f(R) theories (may provide alternative interpretation of DE)

• etc…

• Higher-derivative gravity theories, arising from EFT expansion: action including polinomials in curvature tensor

equivalent to scalar-tensor theories!
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Scalar-tensor gravity

• Simplest (“Bergmann-Wagoner”) scalar-tensor theories: 

(e.g. Fuji & Maeda book 2003)

Testing General Relativity 19

It is worth noting that, in addition to the strong-field and cosmological tests
of gravity described in this review, screening mechanisms have spawned a wave of
new laboratory and astrophysical tests of gravity. Laboratory examples include
experiments to detect the chameleon mechanism using cold atom interferometry
[208,209], and the “afterglow” of a chameleon field interacting with the electromagnetic
field inside a radio frequency cavity [210]. New astrophysical tests include searches
for a potential mismatch between distance indicators such as cepheid variables and
tip-of-the-red-giant-branch (TRGB) stars in unscreened dwarf galaxies [211].

2.2. Scalar-tensor gravity

One of the most natural extensions of GR is scalar-tensor gravity, in which one or
more scalar degrees of freedom are included in the gravitational sector of the theory,
through a non-minimal coupling (i.e., the Ricci scalar in the Einstein-Hilbert action
is multiplied by a function of the scalar field(s)). Several reviews provide extensive
discussions on the subject, see e.g. [39,196,212–214].

Scalar fields with non-minimal couplings to gravity appear in several contexts,
such as in string theory [215], in Kaluza-Klein-like theories [216] or in braneworld
scenarios [217, 218]. They also have important applications in cosmology [15].
Therefore, scalar-tensor gravity is a good framework to study phenomenological
aspects of several possible fundamental theories.

2.2.1. The Bergmann-Wagoner formulation. The most general action of scalar-tensor
gravity with one scalar field which is at most quadratic in derivatives of the fields was
studied by Bergmann and Wagoner [219,220], and can be written (after an appropriate
field redefinition) as:

S =
1

16⇡

Z
d4x

p
�g


�R �

!(�)

�
gµ⌫ (@µ�) (@⌫�) � U(�)

�
+ SM [ , gµ⌫ ] , (2.3)

where ! and U are arbitrary functions of the scalar field �, and SM is the action of the
matter fields  . When !(�) = !BD is constant and U(�) = 0, the theory reduces to
(Jordan-Fierz-)Brans-Dicke gravity [221–223], an extension of GR which was proposed
in the mid-20

th century (see [224–226] for a historical account).
The Bergmann-Wagoner theory (2.3) can be expressed in a different form through

a scalar field redefinition ' = '(�) and a conformal transformation of the metric
gµ⌫ ! g?

µ⌫
= A�2

(')gµ⌫ . In particular, fixing A(') = ��1/2, the action (2.3) –
generally referred to as the Jordan frame action – transforms into the Einstein frame
action

S =
1

16⇡

Z
d4x

p
�g? [R?

� 2g?µ⌫ (@µ') (@⌫') � V (')] + SM [ , A2
(')g?

µ⌫
] , (2.4)

where g? and R? are the determinant and Ricci scalar of g?
µ⌫

, respectively, and
V (') = A4

(')U(�(')). The price paid for the minimal coupling of the scalar field in
the gravitational sector is the non-minimal coupling in the matter sector of the action:
particle masses and fundamental constants depend on the scalar field.

We remark that the actions (2.3) and (2.4) are just different representations
of the same theory: the outcome of an experiment will not depend on the chosen
representation, as long as one takes into account that the units of physical quantities
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G

- The simplest case is Brans-Dicke gravity, proposed ~60 years ago

- f(R) gravity can be reformulated as a scalar-tensor theory in this class

- Problem for phenomenology: no-hair theorems apply to these theories, i.e. stationary BHs are Kerr! 

- For vacuum spacetimes (ⲯ=0) this theory is equivalent by conformal rescaling to GR + minimally coupled scalar field (“Einstein frame”)

• Quadratic gravity: scalar-tensor theories with quadratic curvature terms:
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the Gauss-Bonnet scalar R2
GB

⌘ R2
� 4R2

µ⌫
+ R2

µ⌫⇢�
and the Pontryagin scalar (also

referred to as the Chern-Simons scalar) defined above, because these terms can be
shown to emerge in low-energy realizations of string theory [215,249]. The Pontryagin
scalar also appears in loop quantum gravity [250]. However, these terms alone do not
yield modifications to Einstein’s equations in four spacetime dimensions, because their
integrals are four-dimensional topological invariants and only account for boundary
terms in the action. To circumvent this problem one is thus forced to add extra
dynamical fields, i.e., extra propagating degrees of freedom (but cf. Section 2.7 below
for a different strategy using nondynamical fields). The simplest way to introduce
nontrivial higher-order curvature corrections is via coupling with a scalar field.

The most generic class of four-dimensional theories obtained by including all
quadratic algebraic curvature invariants coupled to a single scalar field reads [74,80]

S =
1

16⇡

Z
p

�gd4x
h
R � 2ra�r

a� � V (�) + f1(�)R2

+ f2(�)Rµ⌫R
µ⌫

+ f3(�)Rµ⌫⇢�Rµ⌫⇢�
+ f4(�)

⇤RR
i

+ Smat [ , �(�)gµ⌫ ] ,

(2.21)

where V (�) is the scalar self-potential, fi(�) (i = 1, . . . , 4) are coupling functions,
and in the matter action Smat we have included a nonminimal but universal metric
coupling, which thus satisfies the weak (but in general not the strong) equivalence
principle. The action (2.21) generically yields higher-order field equations that are
prone to the Ostrogradski instability and to the appearance of ghosts, unless the
various terms appear in the special combination corresponding to the four-dimensional
Gauss-Bonnet invariant (discussed in Section 2.4.1 below). To avoid this instability,
the theory (2.21) must be considered as an effective action, obtained as the truncation
of a more general theory, valid only up to second order in curvature.⇤ In the decoupling
limit (where the effective theory is valid, see Section 2.8), a perturbative approach
is applicable and the field equations remain of second differential order for generic
combinations of the curvature invariants. For example, it has been shown that dCS
gravity (introduced in Section 2.4.2 below) does not exhibit any ghost-like instabilities
when treated order-by-order in the perturbation scheme and, in fact, can be cast into a
well-posed Cauchy problem in the decoupling limit [44]. We expect a similar argument
to hold for EdGB gravity (see Section 2.4.1), but a rigorous proof in this case is still
missing.

The EFT approach is not only motivated by the desire to avoid higher-order
derivatives in the field equations, but it arises naturally in some low-energy expansion
in string theory, which indeed contains the Gauss-Bonnet and Chern-Simons terms
coupled respectively to the dilaton and axion at second order in the curvature. In this
approach the Einstein-Hilbert term is considered as the first-order term in a (possibly
infinite) series expansion containing all possible curvature corrections. In this sense,
GR may be only accurate up to second-order terms in the curvature.

In the geometrical units adopted here, the scalar field entering the action (2.21)
is dimensionless, whereas the coupling functions fi(�) have the dimensions of a length
squared, i.e. of an inverse curvature. Thus, at variance with the scalar-tensor theories

⇤ Alternatively, one can circumvent the Ostrogradski instability by expanding the phase-space of the
(dynamical) variables if the resulting equations of motion constitute a closed system of PDEs that
are at most second order [251,252].
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G

E-H action is the first term in an expansion containing all possible curvature terms, as suggested by low-energy effective field theories.

Does this mean that BHs are useless to probe such theories? 
Not necessarily! if scalar field is ultralight massive (m~10-13-10-22 eV), 


BH may have a scalar field cloud which, although non-stationary, 

is metastable and long-lived! (possible DM interpretation)


(e.g. Barranco et al. 2012, Cardoso et al. 2022, Figueras & França, 2022)

non-miminal coupling between scalar field and gravity

Typically, quadratic gravity theories have ghosts and other pathologies, with the exception  of a particular combination: scalar Gauss-Bonnet (sGB) gravity
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µ�+ ↵GBf(�)R2
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R2

GB = Rµ⌫↵�R
µ⌫↵� � 4Rµ⌫R

µ⌫ +R2
� (Kanti et al. 1995)

Besides that, the other theory leading to new BH solutions is dynamical Chern-Simons (dCS) gravity, which can be considered in an EFT framework (small coupling)
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(Alexander & Yunes 2009)
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• Horndeski gravity: the most general scalar-tensor theoriy with second-order-in-time field equations (and thus free from the so-called Ostrogradski instability):
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S =

Z
d4x

p
�g

�
K(�, X)�G3(�, x)⇤�+G4(�, X)R+G4,X

�
(⇤�)2 � (rµr⌫�)(rµr⌫�)

�

+G5Gµ⌫rµr⌫��G5,X
1

6

⇥
(⇤�)3 � 3⇤�(rµr⌫�)(rµr⌫�) + 2(rµr⇢�)(rµr��)(r⇢r��)

⇤�

+ Smatter( m, gµ⌫) (X ⌘ @µ�@
µ�)

Scalar-tensor gravity

- K-essence :     K ≠ 0    G3 = G5 = 0    G4 = G4(φ)

• if K= X + f(φ)X2 it is called quadratic gravity

• includes, among the others, Bergmann-Wagoner theories

- cubic gravity:     K ≠ 0    G3 ≠ 0   G4 = G5 = 0   

• include cosmological models of DE

• no-hair theorems apply: stationary BHs are Kerr!

- sGB gravity:   K = X/2    G3 = 0   G4 = 1/2   G5 = G5(φ,X)
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• includes cosmological models of DE

• no-hair theorems apply: stationary BHs are Kerr!

 😀 no-hair theorems do not apply: stationary BH can have a non-trivial scalar field profile!

 😟 the scalar field can not describe DE: that would lead to a speed of GW  ≠ c, excluded by the observation of GW170817 with enormous accuracy
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• they are the simplest scalar-tensor gravity theories in which no-hair theorems do not apply


• these theories can arise from string-theory compactifications (f(ϕ)=eϕ: Einstein-dilaton Gauss-Bonnet) 

• the Gauss-Bonnet term can be seen as an effective-field-theory contribution 

but:

• in sGB gravity, scalar field can not have cosmological interpretation (ruled out by GW170817) 

• dimensionful coupling constant 𝛼GB needs to be at least of order km2 for observable GW signature (EFT interpretation requires new scale in the theory besides lP)

• GR deviations appear at large curvatures => no constraints from binary pulsars, need GW

<latexit sha1_base64="1z9IprpvDFpijEuGiHrkAdtKDgo="></latexit>
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• in some of these theories, spontaneous scalarization occurs: a sort of phase transition in which a BH grows a non-trivial scalar field configuration

Scalar-tensor gravity

Few more words about sGB gravity

Some of these properties are shared by dCS gravity:
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• no-hair theorems do not apply

• can be seen as an EFT contribution
• naturally arise from string-theory compactifications

• no cosmological interpretation as DE

• does not belong to Horndesky class: 

    it is ill-behaved if considered as a full theory (only EFT interpretation allowed)!

• leads to parity violation in gravity differently from sGB:
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Figure 2.1. This diagram illustrates how Lovelock’s theorem serves as a guide to classify modified
theories of gravity. Each yellow box represents a class of modified theories of gravity that arises from
violating one of the assumptions underlying the theorem. A theory can, in general, belong to multiple
classes. See Table 1 for a more precise classification.

2. Extensions of general relativity: motivation and overview

2.1. A compass to navigate the modified-gravity atlas

There are countless inequivalent ways to modify GR, many of them leading to theories
that can be designed to agree with current observations. Cosmological observations
and fundamental physics considerations suggest that GR must be modified at very
low and/or very high energies. Experimental searches for beyond-GR physics are a
particularly active and well motivated area of research, so it is natural to look for a
guiding principle: if we were to find experimental hints of modifications of GR, which
of the assumptions underlying Einstein’s theory should be abandoned?

Such a guiding principle can be found by examining the building blocks of
Einstein’s theory. Lovelock’s theorem [191, 192] (the generalization of a theorem due
to Cartan [193]) is particularly useful in this context. In simple terms, the theorem
states that GR emerges as the unique theory of gravity under specific assumptions.
More precisely, it can be articulated as follows:

In four spacetime dimensions the only divergence-free symmetric rank-2
tensor constructed solely from the metric gµ⌫ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein

Berti et al., CQG 2015

Modified gravity theories
Several modifications of GR have been proposed so far.


A guiding princniple to navigate among them can be the following: 
if we find experimental hints of GR modifications, 


which of the assumptions underlying GR should be abandoned?
Lovelock’s theorem states that GR is the unique theory of gravity under certain conditions 


(four dimensions, equivalence principle, diffeomorphism invariance, no fields besides the metric).

Violations to one or another of them give rise to modified theories of gravity.

Main theories under study:

• Theories with extra fields in the gravitational sector; in particular the simplest case 
of an additional scalar field (scalar-tensor gravity)
This is the most extensively studied class of modified gravity theories, because

- it is simple; 

- fundamental motivations (e.g. string theory); 

- several other theories can be reformulated in terms of additional fields

- some of them may provide alternative intepretation of cosmology (DM, DE)

• Theories with violation of Lorentz invariance (Einstein-Aether theory, Horava gravity, etc…)

• Theories with large extra dimensions (we live in a four-dimensional subspace of a higher-dimensional space) 

• Massive graviton theories 

• f(R) theories (may provide alternative interpretation of DE)

• etc…

• Higher-derivative gravity theories, arising from EFT expansion: action including polinomials in curvature tensor

equivalent to scalar-tensor theories!
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Higher-derivative gravity theories: EFT
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(Cardoso et al. 2018, Cano & Rupierez 2020)

• This class of theories naturally arise in an EFT framework, assuming that GR is the lowest order in a polynomial expansion of the curvature tensor.

• Since there is no scalar field, the terms quadratic in the dimensionful coupling (like in sGB and dCS) are trivial and thus the expansion starts at cubic order in ℓ 

• In these theories the no-hair theorem is not satisifed: BHs are different from those of Kerr!

• Same problem as in sGB and dCS: deviations observable by GW detectors only if ℓ is a new fundamental scale (  ℓ >> ℓPl)

• No obvious cosmological interpretation
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What to we know of BHs in these theories?

• Stationary BHs

This question can be addressed to:

Relevant not only to observation of stationary BHs themselves (e.g. BH shadows) but also as a first step to understand BBH coalescences! 

• BBH coalescences:

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Stationary BHs beyond GR

• theories with no-hair theorem (Bergmann-Wagoner scalar-tensor, K-essence, cubic Horndesky, f(R)…): Kerr solution!

• sGB gravity
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solution depends on f(ɸ):

- f(ɸ) = eɸ : Einstein-dilaton Gauss-Bonnet gravity 
(Kanti et al. 1995, Pani & Cardoso 2009, Kleihaus et al. 2011 )

- f(ɸ) = ɸ : shift-symmetric Gauss-Bonnet gravity 
(Sotiriou & Zhou 2014)

- f(ɸ) = ɸ2 , f(ɸ) = (1-e-ɸ2) : theories with BH spontaneous scalarization
(Doneva et al. 2018, Silva et al. 2018, Dima & Yazadjiev 2020, Herdeiro et al. 2021)

(radius of ISCO, horizon, etc. have O(𝜁) corrections)

- solutions exist for 0<𝜁<0.619 (small modifications for spinning BHs) 
thus, for a given coupling, there is a minimum mass! 


Smaller masses lead to naked singularities!

In these theories, both Kerr and scalarized BHs can be solutions.
In certain ranges of mass or of spin,


 Kerr BHs spontaneously develop a non-trivial scalar field profile.


Since BHs do exist for M~5Msun, we have a theoretical bound on 𝛼GB.

(current LVK bounds are of the same order:                          )


More massive BHs have tiny corrections! 

This makes SMBHs irrelevant, and even most LVK BHs not so relevant.
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This because these are large curvature deviations, and massive BHs have small curvature!

- BH solutions have GR corrections of the order of 
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There is no minimum mass for the existence of these solutions,

but there are indications that there is a minimum mass for their stability


so the same problems arise!
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Stationary BHs beyond GR

• dCS gravity
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- rotating BH solutions have GR corrections of the order of 

(radius of ISCO, horizon, etc. have O(𝜁) corrections)
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- the theory is only meaningful for 𝜁<<1

- current bounds of the same order as sGB: 
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(Alexander & Yunes 2009)

• higher-derivative EFT gravity
(Cardoso et al. 2018, Cano & Rupierez 2020)
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- BH solutions have GR corrections of the order of 
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- no evidence of a minimum mass; however, since we do not expect

to be consistent with the EFT expansion, even fror ~5Msun BHs,

again we expect these deviations to be highly suppressed for most LVK BHs,

and enormously soppressed for SMBHs.
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This because these are large curvature deviations, and massive BHs have small curvature!
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BBH inspiral beyond GR

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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• in GR, the early inspiral of a BBH is described through post-Newtonian (PN) expansions 

• even in GR, PN expansions are not accurate enough for late inspiral, where v~c and the perturbative expansions is ill-defined: we need 
a phenomenological/EoB waveform, with calibration from numerical relavity (NR) simulations

• beyond GR, the inspiral of a BBH is potentially a very important probe: even in the gravitational field is weak, a scalar field (if present) would lead to 
dipolar emission, which does not occur all in GR (a “smoking gun”): GW emission in GR starts with quadrupole; 

for this reason, dipolar emission is magnified in a PN expansion (-1PN order). Unfortunately, in several theories BHs do not have scalar fields…

• PN expansions have been generalized beyond GR in some theories: Bergmann-Wagoner theories, sGB gravity, dCS gravity; 
(Yagi et al., 2012; Lang, 2014; Julie & Berti 2019; Shiralilou et al. 2022; Bernard et al. 2022)

• we still do not have any phenomenological/EoB waveform beyond GR! 

For this, we need to better understand the merger

these computations allowed to use LVK data to get the best constraints to date to sGB gravity and dCS gravity 
(Perkins et al. 2021)

• moreover, we only know PN expansions in scalar-tensor gravity theories 

• rougly speaking, dipolar emission speeds up the inspiral; thus, even without detecting the scalar field, we can see an effect (at a different PN order than others)
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BBH merger beyond GR

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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• In GR, the development of NR simulation took almost half a century! Extending these simulations to modified gravity theories is a formidable task!

• The first problem one encounters is the requisite of well-posedness: a well-posed problem admits a unique solution with continuous dependence on initial data;  
this requires strong hyperbolicity of field equations

• Even if the theory is perfectly sound, it is not obvious to find a well-posed formulation (even in GR, the ADM formulation is not well-posed!)

• On the other hand, if the theory is ill-defined (like dCS gravity, which only makes sense within an EFT expansion), for sure no well-posed formulation is possible!
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propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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Remark: if a theory is expanded in the coupling constant and solved order by order, it is well-posed at each given order!

This approach is meaningful in an EFT framework: higher-order terms may remain small, at least for some evolutions and for some time.

4

II. SETUP

A. Action and field equations

Varying the action (2) with respect to the scalar field
� and metric gab yields their field equations

⇤� =� 2↵GBf
0(�)RGB , (4a)

Gab =� ↵GBGab +
1

2
Tab , (4b)

where f 0 ⌘ df/d�. Gab ⌘ (4)Rab � 1/2gab (4)R is the
Einstein tensor, the canonical part of energy-momentum
tensor for the scalar field is

Tab =ra�rb�� 1

2
gabrc�rc� , (5)

and the modification due to the GB term is [22, 46]

GGB
ab =

�RGB

�gab
= 2gc(agb)d✏

edfgrh

⇥⇤Rch
fgref

⇤

=2gc(agb)d✏
edfgrh

⇥⇤Rch
fgf

0re�
⇤
, (6)

where ⇤Rab
cd = ✏abef (4)Refcd is the dual Riemann ten-

sor, and ✏abcd is the totally anti-symmetric Levi-Civita
pseudo-tensor.

B. Perturbative treatment in the coupling

1. Preliminaries

Since we want to use a perturbative treatment in the
coupling, we will assume that ✏ ⌧ 1 and formally expand
any tensor X as

X =
1X

k=0

1

k!
✏kX(k) . (7)

In particular, the spacetime metric and the scalar field
are expanded as

� =
1X

k=0

1

k!
✏k�(k) , (8a)

gab =g(0)ab +
1X

k=1

1

k!
✏kh(k)

ab . (8b)

It should be stressed that this is not a weak-field ex-
pansion. We raise indices of all tensorial quantities with
g(0)ab, e.g. we define

h(k)ab =g(0)ac g(0)bd h(k)
cd , (9)

and likewise for all other tensors. Since ✏ is dimensionless,
any tensor X(k) has the same dimensions as the back-
ground tensor X(0) – for instance, the scalar field per-
turbations �(k) are dimensionless, as is the background
scalar field, and so on.

2. Field equations

Applying the perturbative treatment to the field equa-
tions (4) yields, to O (✏),

✏0 : G(0)
ab =

1

2
T (0)
ab , ⇤(0)�(0) = 0 , (10a)

✏1 : G(1)
ab =

1

2
T (1)
ab � 4M2G(0)

ab , (10b)

⇤(0)�(1) = �⇤(1)�(0) � 8M2f 0
(0)R

(0)
GB ,

where G(k)
ab , R

(k)
GB, G

(k)
ab , ⇤(k) and T (k)

ab refer to the k-th or-
der correction to the corresponding quantity. The crucial
feature of the equations above is that higher-curvature
corrections at any given order always enter only as source
terms computed from the metric and the scalar field at
lower order. Hence, at any given order the system of par-
tial di↵erential equations can be made well-posed by an
appropriate gauge choice or reformulation [62, 63].

3. Zero-th order

The zero-th order in the perturbative expansion, equiv-
alent to taking the limit ✏ ! 0 of Eqs. (4), leads to Ein-
stein’s equations minimally coupled to a massless scalar
field, Eq. (10a). It has been shown that this system can
be cast into a well-posed initial value formulation [62],
which is a necessary condition for numerical stability.

Stationary, asymptotically flat BHs cannot carry hair
if they satisfy Eqs. (10a) [15]. That is, they would be so-
lutions of vacuum Einstein’s equations and any nontrivial
initial scalar configuration would be shedded away. One
also expects that the scalar field would not be excited
in binaries composed of such BHs, as there is no scalar
charge to begin with and the equations are linear in the
scalar. This suggests that, (at least) at late times, the
solution to the zero-th order equation should be of the
form

⇣
g(0)ab ,�

(0)
⌘
=
�
gGR
ab , 0

�
, (11)

where gGR
ab is a solution of the vacuum Einstein equa-

tions. However, there is a subtlety in this argument.
As is evident from Eqs. (10b), �(0) e↵ectively sources
the first-order (and subsequent order) equations. Hence,
a nontrivial initial �(0) configuration could in principle
leave some imprint on the evolution. Though our expec-
tation is that this e↵ect would be rather small, we have
not explored this in any detail. Instead we focus on the
late-time behaviour and we enforce �(0) = 0. This choice
will a↵ect the form of the first-order equations.
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Witek et al., 2019, Okounkova et al. 2017, 2019, 2020

Beyond GR, well posedness has been proven in:


- Bergmann-Wagoner ST theories (because they can be reformulated as GR with a scalar field coupled with “matter”) [note: BHs are like in GR!]


- Quadratic and cubic Horndeski gravity (Kovacs, 2019)  [note: BHs are like in GR!]

2

simulations of theories of the above type have been re-
stricted either to spherical symmetry [8–10] or to solving
the equations perturbatively (in � for the case ↵ = 0,
�(�) = ��) [11–13]. The latter approach can su↵er from
small e↵ects gradually accumulating over time, leading to
a breakdown of perturbation theory in situations when
the EFT should be valid. A well-posed formulation of
the equations should be able to handle such secular ef-
fects [14].
In this Letter, we will introduce modifications of the

harmonic gauge condition and gauge-fixing procedure
used in GR. We will use these to define gauge-fixed equa-
tions of motion for (1) and explain why these equations
admit a well-posed initial value problem at weak cou-
pling. Our formulation opens up the possibility of per-
forming numerical simulations of black hole mergers in
this theory without resorting to perturbation theory.
We follow the conventions of [15]. Indices µ, ⌫, . . . run

from 0 to 3, Indices i, j, . . . run from 1 to 3.

MODIFIED HARMONIC GAUGE

In a spacetime (M, g), introduce two auxiliary (inverse)
Lorentzian metrics g̃µ⌫ and ĝ

µ⌫ such that the causal cone
of gµ⌫ (i.e. the set of timelike or null covectors) is strictly
inside the causal cone of g̃µ⌫ , and the latter is strictly in-
side the causal cone of ĝ

µ⌫ (Fig. 1(a)). Raising and
lowering of indices will always be performed using the
physical metric. We write the inverses of g̃µ⌫ and ĝ

µ⌫

as (g̃�1)µ⌫ and (ĝ�1)µ⌫ . The causal cone of (ĝ�1)µ⌫ lies
strictly inside that of (g̃�1)µ⌫ , which lies strictly inside
that of gµ⌫ (Fig. 1(b)). These relations imply that a sur-
face that is spacelike w.r.t. gµ⌫ is also spacelike w.r.t. the

other two metrics. They also imply that D(⌃) ⇢ D̂(⌃)
where D(⌃) and D̂(⌃) are the domains of dependence of
a partial Cauchy surface ⌃ defined in the usual way [15]
w.r.t. the metrics gµ⌫ and (ĝ�1)µ⌫ respectively.

gµ⌫ g̃µ⌫ ĝµ⌫

(a)

gµ⌫(g̃�1)µ⌫(ĝ�1)µ⌫

(b)

FIG. 1: (a) Cotangent space, showing the null cones of
g
µ⌫ , g̃µ⌫ and ĝ

µ⌫ . (b) Tangent space, showing the null
cones of gµ⌫ , (g̃�1)µ⌫ and (ĝ�1)µ⌫ .

Our modified harmonic gauge condition on the coordi-
nates xµ is Hµ = 0 where

H
µ ⌘ g̃

⌫⇢r⌫r⇢x
µ = �g̃

⌫⇢�µ
⌫⇢ (3)

Given initial data for the coordinates x
µ on a surface

⌃ spacelike w.r.t. g
µ⌫ (and hence also w.r.t. g̃

µ⌫), this
equation can be solved to construct coordinates in the
same way as in harmonic gauge GR [15].
We now let

E
µ⌫ = �16⇡Gp

�g

�S

�gµ⌫
E� = �16⇡Gp

�g

�S

��
(4)

The di↵eomorphism invariance of our theory implies that
these satisfy the Bianchi identity

rµ
Eµ⌫ � E�r⌫� = 0. (5)

The equations of motion of (1), before gauge fixing, are

E
µ⌫ = E� = 0 (6)

We now define

E
µ⌫
mhg = E

µ⌫ + P̂↵
�µ⌫

@�H
↵ (7)

where P̂↵
�µ⌫ = �

(µ
↵ ĝ

⌫)�� 1
2�

�
↵ĝ

µ⌫ . Our modified harmonic
gauge equations of motion are then

E
µ⌫
mhg = 0 E� = 0 (8)

If we set g̃
µ⌫ = ĝ

µ⌫ = g
µ⌫ then these reduce to the

usual harmonic gauge equations of motion. The latter
do not admit a well-posed initial value problem [6, 7].
The reason for this can be traced to the fact that, in
harmonic gauge, unphysical “gauge-condition violating”
modes travel at the same speed as “pure gauge” modes.
Choosing g̃

µ⌫ and ĝ
µ⌫ as explained above eliminates this

degeneracy. It also ensures that the “fastest” modes are
the physical modes.
We will now sketch the proof that the initial value

problem for (8) is well-posed. A full proof will appear
in [16].
A slight modification of the usual argument for har-

monic gauge GR [15] can be used to prove that (8) prop-
agates the gauge condition. Given a solution (M, g,�) of
(8), equation (5) implies

0 = r⌫E
µ⌫
mhg =

1

2
ĝ
↵�

@↵@�H
µ + . . . (9)

where the ellipsis denotes terms linear in first derivatives
of H⇢. Let ⌃ ⇢ M be a surface that is spacelike w.r.t.
g
µ⌫ and hence spacelike w.r.t. ĝµ⌫ . Equation (9) admits

a well-posed initial value problem for initial data H
µ and

ĝ
⌫⇢
n⌫@⇢H

µ prescribed on ⌃ (where n is the unit normal
of ⌃ w.r.t. g). Hence any solution of (8) for which H

µ

and its normal derivative vanish on ⌃ will have H
µ ⌘ 0

in D̂(⌃) and therefore satisfy (6) in D̂(⌃).

- General Horndesky gravity (including sGB) at weak coupling (Kovacs & Reall 2020; Aresté Saló et al. 2022) 
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FIG. 3. Secular growth in leading-order EDGB gravitational
waveforms as function of inspiral length of the waveform. Each
colored curve corresponds to a simulation with a different start
time for the EDGB fields (as discussed in Sec. II B), with the
same GR background simulation for each. We label each curve
by the time difference between the peak of the waveform and
the start time of ramping on the EDGB field (minus the ramp
time). We see that simulations with earlier EDGB start times
have higher amplitudes at merger, having had more time to
accumulate secular growth.

tem. What sort of physical constraints on EDGB can we
extract from the merger phase?

A. Merger mismatches

The first step that we can take is to perform a merger-
only analysis by computing mismatches between the GR
waveform and the EDGB waveform using the formulae
in Sec. A. This involves restricting to a given time (or
frequency) range over which to compute the mismatch.
When performing tests of general relativity, LIGO per-
forms such merger-only calculations. In [1], the authors
performed an inspiral-merger-ringdown consistency test
for GW150914 by inferring final mass and spin parameters
using GR waveforms from the post-inspiral portion of the
waveform only, from the inspiral portion of the waveform
only, and comparing the resulting posterior distribution
to that from the full waveform analysis. For GW150914,
the merger-ringdown region was chosen to be [132, 1024]
Hz. In this region, the signal had a signal to noise ratio
(SNR) of 16, which is larger than the full-waveform SNR
of the other nine BBH detections in GWTC-1 [15].

We thus compute mismatches between the GR and
EDGB merger waveforms, shown in Fig. 5. We show the
mismatch (cf. Sec. A) for various values of p

↵GB/GM
(cf. Fig. 2). In particular, for a 1% mismatch, we find
p
↵GB/GM . 0.11. For GW150914, we choose M ⇠

68M� [14], and thus compute p
↵GB . 11 km. Note

that though we shift the waveforms in time and phase
to compute a minimum mismatch, we do not vary the
GR waveform parameters (mass and spin). Thus our
mismatch estimate is optimistic, and performing a full
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FIG. 4. Peak amplitude of the EDGB correction to the gravi-
tational waveform as a function of inspiral length. We show
the length relative to the peak of the waveform (as in Fig. 3).
The dashed black vertical line corresponds to the length of
the EDGB merger simulation we present in this paper. The
peak amplitude serves as a measure of the amount of secular
growth in the waveform (cf. Fig. 3). We see that the secular
growth attains a quadratic minimum, and thus for a short
enough inspiral length, we can obtain an EDGB gravitational
waveform with minimal secular contamination.

parameter-estimation analysis on our EDGB waveform is
the subject of future research.

For heavier BBH systems, such as GW170729 with
M = 84M�, which had 3 cycles in the LIGO band [15], we
can in theory use only the merger-ringdown EDGB wave-
forms from numerical relativity simulations for data anal-
ysis, without requiring EDGB inspiral waveforms. Note,
however, that with all other parameters held equal, this
lead to a lower constraint on p

↵GB from the larger total
mass. Moreover, GW170729 has an SNR of ⇠ 10, which
is less than the merger SNR of 16 for GW150914. Note
that the LIGO intermediate mass black hole search [36]
which looked for BBHs with M 2 [120, 800]M� did not
detect any signals.

B. Including inspiral

How much more could we gain if we additionally in-
cluded the inspiral phase? Gaining access to the inspiral
phase for EDGB waveforms is ongoing work, through
either implementing a renormalization scheme to remove
secular effects as outlined in [18], or by stitching on post-
Newtonian or parametrized post-Einstenian (ppE) EDGB
waveforms for the inspiral [27, 37], to obtain a full wave-
form.

In [3], the authors use the ppE formalism to bound
p
↵GB with GW150914. Fig. 15 of [3] shows the upper

bounds on p
↵GB, including values of O(20, 40) km, but

Problem: secular growth in the waveform!

Okounkova, PRD ’20

(signal of an inconsistency of the order-by-order approach)

•    Small (but finite) coupling, sGB gravity
(Ripley & Pretorius 2020; Corman et al. 2022; Aresté Saló et al. 2022; see also the review Ripley 2022)
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FIG. 7: Gravitational wave radiation (left) and scalar radiation (right) for equal mass ratio

binaries with coupling ⇣1 = 0, 0.01, and 0.05. We show the real part of the ` = m = 2 spherical

harmonics of the Newman-Penrose scalar  4 and �. Time is measured with respect to the time

where the complex amplitude of  4,22/�22 peaks. We add an overall phase so that waveforms are

real and positive at t = tpeak.

contrasts with the large effect found in order-reduced simulations. In particular, the correction to

 4, which scales quadratically with ⇣1 in the perturbative approach taken in Ref. [19], gives an order-

one correction to the amplitude for the highest couplings used here (see Fig. 2 of Ref. [19]); though

we note that Ref. [19] also uses a slightly different mass-ratio (q = 0.82) and non-zero spins for

the constituent black holes. We speculate that this qualitative difference behavior in the waveform

is due to the presence of secularly growing errors terms, which are known to be present in such a

perturbative approach to evolving modifications to GR. For more discussion of this phenomena, see

Refs. [18, 19, 70].

V. DISCUSSION AND CONCLUSION

In this work, we have performed the first systematic study of the nonlinear dynamics of binary

black hole inspiral and merger in sGB gravity. We considered several values of the sGB coupling

and the binary mass ratio, and compared our results to PN theory. Solving the full equations of

motion allowed us to directly measure the increased dephasing of the inspiral due to the emission of

17

Corman et al., ‘22

Problem:  elliptic regions appear

unless the coupling is very small!
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Figure 4: Characteristic lines from a strong coupling, weak field case: a0 = 0.02, w0 =

8, r0 = 20, � = 50, rmax = 100, Nr = 212 + 1; m ⇠ 0.93. The top panel shows the

characteristics of the principal symbol (16) of the EdGB equations, the bottom panel

the spacetime radial null curves. Compare Figure 5 for a case with the same initial

data, but opposite sign for �.

known static black hole solutions in EdGB gravity [9, 12, 13], and even so, the elliptic

regions form well outside r = 2m, so it does not seem plausible that some spacetime

trapped region could eventually form to hide the elliptic region from asymptotic view).

At the sonic line bounding the hyperbolic from elliptic region, all field variables are

smooth and finite. In particular, there is no geometric or scalar field singularity that

might otherwise have suggested the classical theory has already ceased to give sensible

predictions prior to this; see Figures 6 and 7 that show the Ricci scalar as an example.

That the character of the (P, Q) subsystem is hyperbolic in some regions of the

spacetime, and elliptic in others (separated by the parabolic sonic line), means the

Ripley & Pretorius, 2019

•   Order by order in a perturbative expansion in the coupling, sGB gravity and dCS gravity 
(Witek et al., 2019, Okounkova et al. 2017, 2019, 2020, 2022)

Okounkova, PRD 2022

4

FIG. 1. Dominant modes of the leading-order EDGB scalar
field #(1), decomposed into spherical harmonics (l,m), as a
function of time relative to the peak time of the GR gravita-
tional waveform. The top panel corresponds to the dominant
(2, 2) mode of the GR gravitational radiation for comparison.
The bottom three panels correspond to the dominant modes of
#(1), which are (l,m = l). We see the presence of l = 1 dipolar
radiation during the inspiral. While the l = 0 monopole is
non-radiative during the inspiral, we see a burst of monopolar
radiation at merger. Compare with Fig. 4 of [12] and the dCS
case in Fig. 1 of [24]. Note that the #(1) waveforms have the
EDGB coupling

p
↵GB/GM scaled out, and thus an appropri-

ate value (cf. Sec. III B) of this coupling parameter must be
re-introduced for the results to be physically meaningful.

as a phase shift, consistent with the notion that EDGB
should have a faster inspiral due to energy loss to the
scalar field [27].
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FIG. 2. EDGB-corrected merger gravitational waveforms,
as computed from Eq. (13), for a variety of values of the
EDGB coupling parameter

p
↵GB/GM . The dashed black

line, with
p
↵GB/GM = 0, corresponds to the GR waveform.

The value
p
↵GB/GM = 0.17 corresponds to the maximal

allowed value in order for the perturbative scheme to be valid
(cf. Sec. III B). We see that the EDGB-corrected waveform
has both an amplitude and phase shift relative to GR.

E. Secular growth

As discussed in Sec. II B, the perturbative scheme leads
to secular growth in the inspiral waveform. In Fig. 3, we
show the leading-order EDGB correction to the gravita-
tional waveform for a variety of simulation lengths (with
the same background GR simulation). We ramp on the
EDGB source terms at different start times in order to
produce different inspiral lengths, as discussed in Sec. II B.
We see that the longest simulations have the largest am-
plitude at merger, consistent with secular growth. In
Fig. 4, we take a more quantitative look, plotting the
peak amplitude of the waveform as a function of inspiral
length. In the dCS case (cf. Fig. 7 of [18]), we saw that
for the closest start time to merger, the secular growth at-
tained a quadratic minimum. In other words, the merger
waveform we presented was not contaminated by secular
effects.

In Fig. 4, we see a similar quadratic minimum for the
EDGB correction to the waveform, although this occurs
at a shorter inspiral length (later start time) than in dCS.
This higher level of secular growth in EDGB than in dCS
is consistent with the theoretical predictions of Sec. II B,
as the EDGB inspiral is more heavily modified than in
dCS due to the presence of dipolar radiation [27].

IV. CONSTRAINTS ON
p
↵GB FROM EDGB

MERGER WAVEFORMS

As shown in Sec. IIID, we have access to the leading-
order EDGB merger waveform for a GW150914-like sys-

3

fect through the Pontryagin density, ⇤RR ⌘ ⇤RabcdRabcd,
with coupling `2.1

In order to make the theory dynamical, we couple the
quadratic curvature term to an axionic scalar field #,
where the final term in the action corresponds to the
kinetic term for the scalar field.

In order to ensure well-posedness of the dCS evolution
equations [43], the corresponding numerical relativity sim-
ulations are performed in an order-reduction scheme [44],
in which the spacetime metric and the dCS scalar field are
perturbed around GR. Note that because the coupling in
Eq. (1) is `2, each order n in the expansion will take the
power `2n. Zeroth order (`0) corresponds to a GR back-
ground spacetime. At first order (`2), the curvature of
the GR background sources the leading-order scalar field.
At second order (`4), the curvature of the GR background
and the leading-order scalar field source the leading-order
correction to the spacetime metric. This scheme gives us
access to the background GR strain waveform hGR and
the leading order dCS correction to the strain, `4�hdCS.
The total leading-order corrected dCS waveform is the
sum of the two using the dCS coupling constant as

h = hGR + (`/GM)4�hdCS , (2)

where M the total mass of the binary. The larger the
value of `, the larger the beyond-GR effects. The order-
reduction scheme allows us to evaluate hGR and hdCS

once given some system parameters, and then generate
a beyond-GR waveform for any value of the coupling
constant. However, due to the perturbative nature of
the scheme, there is an instantaneous regime of validity
(see [19, 20, 44] for technical details), that limits the
allowed values of `/GM .

A. Simulated data parameters

For this study, we use a dCS waveform from [20] with
parameters consistent with GW150914 [41, 45–47] in the
` = 0 (GR) case. We have chosen such a system because
GW150914 is well-studied, including with many tests of
GR [4, 8, 16]. We choose a total mass of M ' 68M�,
consistent with GW150914 [45]. This choice further en-
sures that most of the signal observed by LIGO-Virgo
is near the merger phase where the dCS modification is
the strongest. As discussed in [20], the order-reduction
scheme leads to secular growth during the inspiral be-
tween the ‘full’ and ‘perturbed’ dCS solutions. To avoid
this secular growth, the numerical simulations of [20] give
a beyond-GR waveform with the dCS effects smoothly
ramped-on close to merger, thus producing a combina-
tion of a GR inspiral with a dCS merger. Future work

1 ⇤RabcdRabcd refers to the dual of a the Riemann tensor contracted

with itself, which can be expressed using the fully antisymmetric

Levi-Civita tensor ✏abcd as
⇤RabcdRabcd = 1

2 ✏
abefRef

cdRabcd.

FIG. 2. Gravitational strain in LHO for various values of
the dCS coupling parameter ` and an injected distance of 500
Mpc. The waveforms are aligned at the start and are smoothly
ramped on from zero. The black curve with ` = 0 corresponds
to the GR waveform, while the remaining curves show beyond-
GR modified waveforms for various values `. With increasing
`, the phase of the beyond-GR waveform evolves more rapidly
relative to that of GR, leading to the beyond-GR waveforms
peaking earlier [20]. The beyond-GR waveforms also have
a larger amplitude at merger [20] and thus have increased
network SNRs at the same luminosity distance.

will include dCS modifications to the inspiral phase as
well [48].

The physical parameters of the simulated system are
consistent with those of the numerical relativity waveform
in Fig. 1 of [41] as well as follow-up studies [47, 49, 50].
The initial dimensionless spins vectors are ~�1 = 0.330ẑ
and ~�2 = �0.440ẑ, aligned and anti-aligned with the or-
bital angular momentum respectively, leading to no spin-
precession effects. The ratio of the component masses is
q = 0.819, and the remnant BH has final Christodoulou
mass 0.9525 in units of the initial mass of the system,
and dimensionless spin 0.692 purely in the ẑ direction. In
vacuum numerical relativity simulations, the total mass of
the system is scaled out, and thus when performing injec-
tion studies, we can introduce an arbitrary total mass. To
be consistent with GW150914, we choose M = 68M� [45].
When projecting the waveform into a detector, we choose
a geocenter GPS time of 1126259460 s, a right ascension
of 1.95 radians, a declination of �1.27 radians, and a
binary inclination of ⇡ radians. We show waveforms for
various values of ` in Fig. 2. The largest value we choose
for ` corresponds to the maximum-allowed value for our
order-reduction-schemes to be within the instantaneous
regime of validity (cf. [20]). We choose spacing of ` values
roughly even in `4, the order at which beyond-GR affects
appear in the waveform.

We use these waveforms to simulate data observed
with LIGO Hanford (LHO), LIGO Livingston (LLO), and
Virgo using the infrastructure of [51] and assuming a
zero-noise realization. We vary the strength of the sig-
nal by changing the luminosity distance of the system,
computing the SNR using the Advanced LIGO design
sensitivity [52] curve for LHO, LLO, and Virgo. Current
BBH observations have typical SNRs ⇠ 10�25 [53], with
GW150914 having a network SNR of 24 in two LIGO de-

dCS
sGB

• this list is not exhaustive: there are also:

- NR simulations of a sGB scalar field on a GR BBH background, useful to learn what’s going on, 

not to provide actual waveforms to compare with observational data (Silva et al. 2021, Elley et al. 2022, Doneva et al. 2022)

- NR simulations of BBHs in cubic Horndeski gravity: well posed, no-hair theorem apply (Figueras & França, 2022)

No stationary hairy BH exist; scalar field eventually “eaten" by the BH. 

However, if the field is massive, a long-lived scalar cloud may survive long enough to affect the waveform!
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FIG. 2. Comparison of gravitational wave between Horndeski theory with g2 = 0.02, g2 = 0.04 and GR in retarded time,
u = t � r⇤, where r⇤ is the tortoise radius. Displaying the (`,m) = (2, 2) mode of the plus polarisation of the strain, h+

22,
extrapolated to null infinity. There is a visible misalignment between GR and Horndeski that builds up over time, becoming
larger during the merger phase.

Referring to Figs. 2 and 3, the two peaks that can be
seen at t ⇠ 400M and t ⇠ 850M correspond to the bursts
of radiation emitted during the first two close encounters
of the eccentric binary10 before the final merger phase.
The latter starts at around t ⇠ 1100M and ends by t ⇠

1200M , depending on the theory and the value and sign
of the coupling constants. As for the final state, since
the class of theories that we consider do not admit hairy
black holes [62, 63], the end state of the evolution is a
Kerr black hole surrounded by a scalar cloud. For the
runs shown in Figs. 2 and 3, the estimated parameters
of the final black holes are summarised in Table I. Note
that any junk radiation caused by the initial constraint
violations or choice of initial data is very small on the
scale of these figures, but still visible in the first ⇠ 50M .

As Figs. 2 and 3 show, the waveforms obtained in GR
and in the various Horndeski theories that we considered,
coincide during the initial stages of the binary, but a clear
misalignment builds up over time, starting from the sec-
ond close encounter of the binary and becoming more

10
It may be useful for the reader to match the gravitational wave

signal in these figures with the visual animation of one of our sim-

ulations: https://www.youtube.com/watch?v=uOed4AG1ulg.

TABLE I. Parameters of the final state Kerr black hole for
each coupling g2 and g3. Values estimated from the final
apparent horizon and errors estimated from the di↵erences
between medium and high resolutions.

Coupling Final Mass MF /M Spin Parameter a/M
GR 0.973± 0.001 0.676± 0.001

g2 = 0.005 0.973± 0.001 0.676± 0.001
g2 = 0.02 0.973± 0.001 0.675± 0.001
g2 = 0.04 0.973± 0.001 0.673± 0.001
g3 = 0.05 0.975± 0.001 0.680± 0.001
g3 = �0.03 0.972± 0.001 0.672± 0.001

pronounced in the merger phase. This misalignment is
much larger than the smallness parameter controlling the
weak coupling conditions of the initial data. In subsec-
tion III C we will provide evidence showing that a suitable
local weak coupling condition remains small during the
whole evolution of the binary and hence, in our setting,
the Horndeski theories should be valid (and predictive)
classical EFTs. The large misalignment that we observe
in Figs. 2 and 3 is a cumulative e↵ect arising from the lo-
cally small di↵erences between GR and Horndeski, and it
gets enhanced whenever the system enters the strong field
regime, which happens in each close encounter of the ec-
centric binary and in the merger phase. This is expected
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BBH merger beyond GR: NR simulations

What did we learn from all this work? Which conclusions can we draw from the problems encountered (secular growth, elliptic regions)?

• NR simulations in sGB gravity are presently  possible at least for one class of theories with non-Kerr BHs: sGB gravity 

• for these theories, NR evolution seems to break down when the curvature becomes too large

• this breakdown can be interpreted as the theory entering a strong coupling regime, in which higher-order corrections in the EFT expansion can not be neglected
(Hegade et al. 2023)

• thus, it is not clear if such theories can even lead to detectable modifications to the BBH waveform
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Summarizing:

BHs are the best probes for GR deviations in the strong field, large curvature regime. 

In order to use the wealth of data we expect from next generation of GW detectors (ground and space) 

we need to improve our theoretical modelling of BHs beyond GR.

It would be important to find out the BBH gravitational waveform for some specific theory, but this is a challenging task:

for the modified gravity theories proposed so far:

• for the simplest  theories, BHs are the same as in GR

• for the most complex  theories, we are very far away from modelling BHs (and even more from modelling BBH coalescence)

• what remains are theories with corrections in the large curvature regime

• for these theories we have some results for inspiral, merger and ringdowm but there are various problems

• the most severe of them is arguably the fact that curvature modifications are highly suppressed with the BH mass

• we still have to study a lot: trying to better understand theories with curvature corrections, and modelling BHs and BBH coalescences for other classes of theories


